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Abstract 



In this work we attempt to generalize our result in [6] [7] for real rings (not just von 
Neumann regular real rings). In other words we attempt to characterize and construct real 
closure * of commutative unitary rings that are real. We also make some very interesting and 
significant discoveries regarding maximal partial orderings of rings, Baer rings and essentail 
extension of rings. The first Theorem itself gives us a noteworthy bijection between maximal 
partial orderings of two rings by which one is a rational extension of the other. We characterize 
conditions when a Baer reduced ring can be integrally closed in its total quotient ring. We 
prove that Baer hulls of rings have exactly one automorphism (the identity) and we even prove 
this for a general case (Lemma 12). Proposition 14 allows us to study essential extensions 
of rings and their relation with minimal prime spectrum of the lower ring. And Theorem 
15 gives us a construction of the real spectrum of a ring generated by adjoining idempotents 
to a reduced commutative subring (for instance the construction of Baer hull of reduced 
commutative rings). 

From most of the above interesting theories we prove that there is a bijection between 
the real closure * of real rings (upto isomorphisms) and their maximal partial orderings. We 
then attempt to develop some topological theories for the set of real closure * of real rings 
(upto isomorphism) that will help us give a topological characterization in terms of the real 
and prime spectra of these rings. The topological characterization will be revealed in a later 
work. It is noteworthy to point out that we can allow ourself to consider mostly the minimal 
prime spectrum of the real ring in order to develop our topological theories. 
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Keywords: real closed * rings, regular rings, absolutes of Hausdorff spaces, irreducible sur- 
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Notation. If A is a commutative unitary ring, then we write T(A) to mean the total quotient ring 
of A. And if A is partially ordered, with a partial ordering A + , then we automatically assume a 
default partial ordering of T(A), and unless otherwise defined we write T(A) + for it, which is the 
weakest partial ordering of T(A) that extends A + . In other words 



Theorem 1. Let A be a subring of a reduced commutative ring B, suppose also that B is a 
rational extension of A. 

(i) Suppose that B has a maximal partial ordering B + , then the partial ordering B + n A is also a 
maximal partial ordering of A. 

(ii) There is a bijection <3> : Vb >— » Va, where Vb is the set of all maximal partial orderings of B 
and Va is the set of all maximal partial orderings of A. If we have a fixed partial ordering of A, 



T(A) + := (Y^aiti ■neN,a. l e A + ,U G T(A),i = 1,..., 



"} 
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say A + , and if B + is the weakest partial ordering of B extending A + i.e. 

a 

B+ :={^Oi^ : OiGA+.fciGB} 

i=0 

then wc can similarly prove that there is a bijection between the set of maximal partial orderings 
of B containing B + and the set of maximal partial ordering of A containing A + . 

Proof. 

(i) Set A + := B + n A, if A + were not a maximal partial ordering of A then there exists an element 
a G A\A + that extends A + to another partial ordering of A, this is equivalent to (one can easily 
prove this or find this in , [3] Proposition 1.5.1) 

a\a + a 2 = oai,O2 = (01,02 € A" 1 ") (*) 

Now a g 1 P + and because P + is a maximal partial ordering of B, a cannot extend B + as a 
partial ordering of B i.e 

36i, 6 2 G B+\{0} * afei + b 2 = 

By [3] §1.4 p.38 and the definition of A + , there exists an a 2 G A 2 \{0} such that a 2 b 2 G A+\{0}. 
Then we have the following cases 

Case 1: a 2 abi = 0. Then 

a 2 (abi + b 2 ) = a 2 b 2 ^ 
but ab\ + b 2 = 0, here we have a contradiction! 

Case 2: a 2 ab\ ^ 0. Then there is an a\ G A 2 such that 

a\a 2 ab\,a\a 2 b\ G ^4\{0} 
this also shows that 010261 G ^4 + \{0}. We thus have the following 

a\a 2 {abi + b 2 ) = {a\a 2 b{)a + (aia 2 b 2 ) = 
but aia 2 bi, a 2 a 2 b 2 G ^4 + \{0} and by (*) aia 2 abi = which is a contradiction. 

(ii) For P EV B define $(P) := P O A. By (ii), $(P) G Pa, and we need only show that $ is both 
surjective and injective. We prove by contradiction, assume there are P\,P 2 G Vb such that 

$(Pi) = $(P 2 ) =: P G Pa for some P G Pa 

If Pi 7^ P 2 then there exists a 6 G P 2 \Pi- Because Pi is a maximal partial ordering of B, we 
have (sec for instance [3] Proposition 1.5.1) some b\, b 2 G Pi\{0} such that bb\ + b 2 = 0. Without 
loss of generality we assume also that b\ G P 2 G Pi, P 2 , since we can always write b 2 b + b 2 bi = 
knowing that (our rings are reduced) b\,b 2 b\ G Pi\{0}. So there is an a 2 G A 2 C P such that 
a 2 6 2 G P\{0} (by the definition of P). We have the following cases 

Case 1: a 2 6i& = . Then 

a 2 {b\b + b 2 ) = a 2 b 2 = 

a contradiction. 

Case 2: a 2 6i6 7^ 0. Then, there is an a% G A 2 C P such that a\a 2 bib G P\{0}. But we also 
have 

aia 2 (&i& + 62) = aia 2 fei6 + aia 2 6 2 = 
e p\{o} eP\{o} 
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This is a contradiction, as P is a partial ordering of A (see for instance [3] Proposition 1.2.1(b)). 

Thus we have shown that $ is injective. Now to show that $ is surjective, consider any P £ Va- 
Consider P to be a partial ordering of B that is maximal and contains the partial ordering of B 
defined by 

n 

{^2 b i a t '■ en e P,bi e B,i = 1,. . .,n} 

i=l 

(for the case A has a given partial ordering A + and P contains this A + . We see that P contains 
the weakest partial ordering of B extending A + ). We observe then that 

$(P) = PR A D P 

but P being a maximal partial ordering of A implies then that 3>(P) = P and so we have shown 
that $ is surjective. □ 

The Theorem above just enhanced [7] Theorem 20 and so we can write 

Theorem 2. Let A be a real, regular ring then there exists a bijection between the following sets 

1. {C : C is a real closure * of A}/ ~ 

where for any two real closure * of A, C\ and C2, one defines C\ ~ C2 iff there is an 
A-poring-isomorphism between Ci and C2 

2. {X C Sper A : X is closed and supp^Jf : X — ► Spec A is an irreducible surjection} 

3. {PcA : Pd A + and P is a maximal partial ordering of A} 

4. {C : C is a real closure * of B(A)}/ ~ 

where for any two real closure * of B(A), C\ and C2, one defines Ci ~ C2 iff there is a 
B(A)-poring- isomorphism between Ci and C2 

5. {s : Spec -B(A) — > SperB(A) : s is a continuous section of swpp B r A \} 

6. {X C Sper£?(A) : X is closed and supp B ^\X : X —+ Spcci?(/1) is an irreducible 
surjection} 

7. {P C B(A) : P D B(A)+ and P is an /-ring partial ordering of B(A)} 

We make the following Lemma, whose proof is quite straightforward, therefore it is omitted. 
Lemma 3. Let A be an /-ring then for any x,y £ A the following identity holds 

y + (x — y) + = x + (y — x) + = x V y 

y — (x — y)~ = x — (y — x)~ = x A y 

Theorem 4. (i) Let Abe a reduced ring integrally closed in a real closed von Neumann regular 
ring B. Let / £ A[T] and g € B[T] be monic polynomials of odd degree (i.e. deg(/), deg(<7) £ 
2N +1). Then / has a zero in A and g has a zero in B. 

(ii) Assume the rings A and B as above. Then A has the property that Quot(A/(p n A)) is 
algebraically closed in B/p for all p £ Specf? (i.e. Quot(A/(p n A)) is a real closed field). 

(iii) Let A be a reduced commutative unitary ring and T(A) be von Neumann regular, then 

Quot(A/(p n A)) = T(A)/p Vp£SpccT(A) 

Now if this A is as in (ii) and T(A) an intermediate ring of A and B then T(A) is in fact a 
real closed ring (not necessarily real closed *). 
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Proof, (i) First we show that g has a zero in B. Let p £ SpccB then we know by the very 
definition of real closed rings that B/p is a real closed field. Thus the canonical image of g in 
B/p[T], denote by <?, has a zero in B/p (note that g is monic and thus g will have the same degree 
as g) say 6 P , where b v is the canonical image of some 6 P £ B in B/p. We can do this for any prime 
ideal p G Spec B. Now set 

Vp :={q£ SpecS : /(&„) e q} 

now because -B is von Neumann regular we know that Vp is a clopen set in SpccB, furthermore 
we know that p £ Vp. Thus 

SpecB = (J Vp 

pgSpecB 

Now because Spec-B is compact, there are V\, . . . ,V n C Speci? that are clopen and together they 
cover Spec B and such that for any i £ {1, . . . ,n} we associate a bi £ B such that 

V 4 = {pe SpccS : /(&i)ep} 

We look at the global section ring of the sheaf structure of B and we define mutually disjoint 
clopen sets Ui, . . . ,U n by 

Ui := VI, . . . , L/i := for i = 2, . . . ,n 

Now define b in the global section ring (which is actually isomorphic to B) by 

b(p) :=bi(p) Hp G Ui 

Then we observe that for any p G SpecS one has g(b) £ p, and because B is reduced we conclude 
that g(b) = 0. Thus g has a zero in B. 

Now because / is monic and of odd degree, it has a zero in B and because A is integrally closed 
in B, this zero must actually be in A. 

(ii) Let p be in SpcrS. Set K := Quot(A/(p n A)) and L := B/p, also for any x £ B and 
f £ B [T] denote x and / to be the canonical image of x in L and the canonical image of / in L [T] 
respectively. 

Suppose now that / is in K[T), monic and of odd degree for some / £ B[T]. We may write 

n-i — 

/(T) = V + T" o n e A\p, a, £ A, n £ 2N + 1 

i=0 

Define now #(T) G A[T] by 

n-l 

ff (T) := T n + J2 da"-*- 1 !* 

i=0 

Then g is a monic polynomial of odd degree in A[T] and by (i) we can conclude that g has a zero, 
say a, in A. Thus we may as well conclude that a is a zero of g. 
Now we observe that 

a^ n f(T) = g(a n T) 

and because a n has an inverse in K we learn that aa^ 1 is a zero of /. But aa/l 1 is in K. Thus 
we have shown that any monic polynomial of odd degree in K[T] has a zero in K. 

We do know that B is a real closed ring thus its partial ordering is (see for instance [14] 
Proposition 12.4(c)) 

B+ = {b 2 : b£ B} 

Since A is integrally closed in B, we conclude that the set 

A+ :=B+nA = {a 2 : a £ A} 
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is a partial ordering of A. We show that A with this partial ordering is actually a sub-/-ring of 
B. By Lemma 3, we need only show that for any a G A, a + G B is in A (and thus so is a~). 
B is a von Neumann regular ring, so a + has a quasi- inverse we shall denote by (a + )'. Since A is 
integrally closed in B, we then also know that the idempotent a + (a + )' is in A, but then 

a(a+(a + y) = (o+ - a")(a + (a+)') = a+(a+(a+)') = (a+) 2 (a+)' = a+ G A 

We will now show that K + defined by 

K+ :={{a/bf : aG A,b e A\p} 

is a total ordering of K (and thus by [13] p. 16 Satz 1, if is a real closed field). Since A is a 
sub-/-ring of B (the partial ordering of both is their weakest partial ordering) and p n A is a prime 
Z-ideal of A (we know that i? is a real closed regular ring, and by [4] Proposition 7, all of it's 
residue fields are real closed ring and so by [2] Corollaire 9.2.5, p is an Z-ideal of B. It is then easy 
to see that it's restriction to A is also an Z-ideal), we know by [2] Corollaire 9.2.5, that A/(pF\A) 
is totally ordered by 

A + /{p n A) = {a 2 : a G A} 

One easily checks that this total ordering of A/(p n A) induces a total ordering of K which is non 
other than K + . 

(iii) Let p be in T(A), clearly 

A/(pnA)^T(A)/p 

we show that all elements of T(A)/p is actually an element in Quot(A/(pnA)). For any q G T(A) 
we denote q as the image of q in T(A)/p. 

Let q G T(A)\p, then q is non-zero in T(A)/p. There is a regular element a 6 A such that 
aq £ A, and because a is regular it cannot be contained in p, otherwise its contained in p DA which 
is a minimal ideal in A (see [10] Theorem 3.1 and Theorem 4.4. Note that SpecQ(A) — > SpecT(A) 
is a surjection because T(A) is a regular ring, see for instance [17] Lemma 1.14), but all regular 
elements of A are not in any minimal ideal of A). Thus since p is prime, we learn that aq G A\p. 
Thus a, aq G (A/ (p (~l A))*, thus a has an inverse a -1 in Quot(A/ (p n A)) and so 

a -1 a<7 = q G Quot(A/(p n A)) 

So T(A)/p is a subring of Quot(yl/(p D A)). Now T(A) itself is a regular ring, so T(A)/p must 
be a field and because A is a subring of T(A) we get Quot(A/(p n A)) as a subring of T(A)/p. 
Therefore 

T(v4)/p = Quot(A/(pn^)) 

Because T(A) is a subring of B and both are regular rings, we then know that any prime ideal of 
T(A) is a restriction of prime ideal of B (see [17] Lemma 1.14). Thus by (ii) we can conclude that 
T(A)/p is a real closed field for any prime ideal p G T(A). By [4] Proposition 7, T(A) must be a 
real closed ring. □ 

Lemma 5. If A is a Baer reduced commutative unitary ring, then T(A) is von Neumann regular. 

Proof. Let a, b G A and consider the ideal / = aA + bB then because A is Baer, there is an 
idempotent e G E(A) such that Ann^(7) = eA = Ann^l — e). By [15] Proposition 2.3 and then 
[12] Theorem B, we conclude that T(A) is a regular ring. □ 

Theorem 6. Let A be a Baer ring, then A is integrally closed in T(A) iff for any p G Spec T(A) 
we have A/(p D A) is integrally closed in T(A)/p. 

Proof. For simplicity let us set B := T(A). 

Suppose by contradiction there exists an / G A[T] monic, p G SpecB and b G B such 

that 
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i- f(b) € p 
ii. (b + p) n A = 

Then we have the following cases . . . 
Case 1: b £ p. Then b = Omodp and this is a contradiction to ii. 

Case 1: b p. Then f(b) £ p C B. Now because A is Baer we know by Lemma 5 that B is von 
Neumann regular. Let cg5be the quasi-inverse of f(b) . Then cf(b) is an idempotent in B and 
so it must be in A (because A is integrally closed in B). Now 1 — cf(b) is also an idempotent, 
denote e := 1 — cf(b) (clearly e g" p because 1 — e £ p) and observe that ef(b) = 0. Now we can 
write 

n-i 

f(T)=T n + J2 a i Ti 
»=o 

for some n £ N and cio, . . . , a„ £ A. Then e n f(b) = and so e& is a zero of the monic polynomial 
g £ A[T] defined by 

n-l 

ff(T) = T n + Y^ Oie n ~ i T i 

i=0 

but because A is integrally closed in B, we then know that eb £ A. 

But all these implies that eb = 6modp (since 1 — e £ p) and so (b + p) fl 4 ^ 0. Again a 
contradiction! 

"<^" Let / £ A[T] be monic and f(b) = for some b £ B. For any p £ SpecB, consider a p £ A 
to be such that f(a p ) £ p and a p = 6modp. Consider the clopen sets (because A is Baer and so 
B is regular): 

V p := {q £ SpecB : a p = frmodq} 

then p £ Vp for all p £ Spec B 

|J V p = SpecB 

pGSpecB 

Thus there are finitely many oi, a n £ ^4 such that 

n 

{JVi = Spec S 

t=i 

where 

Vi — {q £ SpecB : a, = 6modq} 
Define now another family of clopen set 

Ui :=V 1 ,U i = V i \U i - 1 i>2 

we can also define the idempotents e; £ B by 

, f 1 P 6 Ui 

e ' modp = ( pfU. 

Clearly b = ^ZiLi a i e i an d a ^ a i? €i £ A for i = 1, . . . , n (E(A) = E(T(A)) because A is Baer, 
see for instance [17] ). Thus b £ A\ □ 

Corollary 7. A reduced Baer poring B is real closed * iff for any minimal prime ideal p £ 
MinSpeci? one has B/p is a real closed * integral domain. 
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Proof. "=*." If B is real closed real *, then it is Bacr and it is integrally closed in Q(B), and 
furthermore Q(B) is real closed *. Thus by Theorem 4 T(B) is also real closed * (as it is also 
Bacr and by Theorem 4 iii a real closed regular ring, we can then use [4] Theorem 15). Using 
[18] Proposition 2 and by Theorem 6 we know that B/p is a real closed ring * for any minimal 
prime ideal p in Spec-B (this is because the restriction of prime ideals of T(B) to B are exactly 
the minimal prime ideals of B, see for instance [1G] Theorem 3.1 and Theorem 4.4), 

"<=" The same reasons as above shows us that B is integrally closed in T(B) and T(B) is a 
real closed * ring. Now Q(B) is also the complete ring of quotients of T(B) so by [9] Theorem 3, 
Q(B) is also a real closed ring * and in this case T(B) is obviously integrally closed in Q(B). Our 
initial hypothesis and results in Theorem 6, [18] Proposition 2, [16] Theorem 3.1 and Theorem 
4.4, does imply that B is integrally closed in Q(B). All this implies satisfies the condition of [9] 
Theorem 3 for B, making us conclude that B is real closed *. □ 

From the proof of the Corollary above we also immediately have the following 

Lemma 8. A poring A, is real closed * iff it is integrally closed in its total quotient ring and its 
total quotient ring is a real closed regular (Bacr) ring. 

Now we show one way how a real closure * of a reduced ring can be found. 

Corollary 9. If A is a reduced poring and B is a rationally complete real closed ring (thus also 
real closed *, see [4] Theorem 15) such that A is a sub-poring of it and B is an essential extension 
of A. Then ic(A, B) is a real closure * of A. 

Proof. Denote A := ic(A, B). By Storrer's Satz one has the following commutative diagrams 

A C > B 



A C >Q{A) 

where all mappings above are canonical and the mapping Q(A) — * B is a monomorphism (of 
porings) as a result of Storrer's Satz. We therefore regard every poring in the commutative 
diagram above as a sub-poring of B. Because A is integrally closed in B it is integrally closed 
in Q(A), thus A is Baer (see [15] Proposition 2.5). It remains, by [9] Theorem 3 (which we also 
partially needed to confirm, see [4]), to show that Q(A) is actually a real closed * von Neumann 
regular ring. 

Now since T{A) is an intermediate ring of Q(A) and A, it must also be an intermediate ring 
of A and B. A is integrally closed in B and so by Theorem 4 (iii) we conclude that T(A) is a real 
closed ring, and because A is Baer we can also conclude that T(A) is a real closed * ring (see [4] 
Theorem 15). The complete ring of quotients of T(A) is also Q(A) and by [9] Theorem 3 we know 
then that Q(A) must be a real closed * ring. □ 

Proposition 10. Let B be a Baer reduced poring, then there is a bijection between the following 

sets 

1. S := {C : C is a real closure * of B}/ ~ where C\ ~ C2 iff C\ =a C2 

2. T := {C : C is a real closure * of T{B)}/\ where C{ I C' 2 iff C{ ^ T{A) C' 2 

Proof. Let us define a map $ : S — > T. So let C be a real closure * of B then we have the following 
canonical morphism of poring 

B < — ► C ' — ► T{C) 

By Lemma 8, T(C) is a real closed * ring. Now T(A) is actually a sub-poring of T(C) because 
all regular clement of A hava a (unique) inverse in T(C). Moreover T(A) is a Baer von Neumann 
regular ring (by Lemma 5). We now define 

C :=ic(T(A),T(C)) 
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This is by ([5] Proposition 6) a real closure * of T(A). So we finally can define 3>(C/ ~) = C J\. 
We claim . . . 

Claim 1: <E» is well-defined . If C\ =a C2 then we have the following commutative diagram in the 
category of porings 

T{A) ► T(Ci) 




T(A) y T(C 2 ) 

where all the maps are canonical essential extensions, with / : T(C\) — ► T{C2) being the canonical 
extension of the A-isomorphism 

Thus f\A is no other than the identity morphism from A to A. And one easily checks that f\T(A) 
is an identity map (as T ( A) is no other than the localization of A with respect to the multiplicative 
set consisting of the regular elements of A) . Moreover if we define 

C 2 :=ic(T(A),T(C 2 )) 
then we realize that C[ —t(a) ^2 ■ Thus we have shown that C[ I C 2 or in other words 

$(d/ ~) = $(C a / ~) 

Claim 2: <f> is surjective. Let C be a real closure * of T(A), then we have the following canonical 
injection 

A T(A) ^ C ^ Q(C) 

by Corollary 9 we know that ic(A, Q(C')) is a real closure * of A and since C" itself is a real closed 
* ring, we have 

ic(A, C) = ic(A,Q(C')) 

we can then set C := ic(A, C). The claim is that 4>(C/ ~) = C'/l 

Note that T(A) is regular, so C must be regular (this can be seen for instance in [5] Proposition 
7, or [17] Lemma 1.9) and so we actually have T(C) = C. Moreover we observe that T(A) is a 
subring of T(C) we thus have the following commutative diagram in the category of porings 

A c >- C C yT{C)t y C" 




T(A) 

C being a real closed * ring implies (by Lemma 8) that T(C) is a real closed * ring. Thus we can 
conclude that 

ic(T(A),T(C)) = ic(T(A), C) = C" = T{C) 

This not only shows that $ is surjective, but also the fact that <&{C / ~) = T(C)/\ for any real 
closure *, C, of A. 
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Claim 3: <J> is injective. Let C\ and C 2 be two real closure * of A so that (using the extra infor- 
mation we have learned in the previous proof) 

T(Ci) =t(A) T(C 2 ) 

We have immediately 

T(C X ) =a T(C 2 ) => Ci —a C 2 d ~ C 2 

□ 

Corollary 11. Let i? be a reduced Baer poring. Then there is a bijection between the following 
sets 

1. S := {C : C is a real closure * of B}/ ~ 

where for any two real closure * of B, G\ and C2, one defines C\ ~ C2 iff there is an 
B-poring-isomorphism between Ci and C2 

2. T := {C : C is a real closure * of T{B)}/l 

where for any two real closure * of T(B), C[ and C2, one defines C[ } C 2 iff there is an 
T(B)-poring-isomorphism between C[ and C2 

3. {P C B : P D B + and P is a maximal partial ordering of B} 

Proof. " 1<^> 2" Proven in Propositon 10 

"2<^> 3" We know that there is a bijection between the real closure * of a von Neumann regular 
ring and its maximal partial ordering, see Theorem 2. Now the bijection between the set of 
maximal partial ordering of T(B) containing T(B) + and the set of maximal partial orderings of 
B containing B + has been shown in Theorem l(ii). □ 

Definition. If A is a reduced commutative unitary ring, then we shall call any element of Q(A) 
a rational element or a fraction of A. 

Lemma 12. 1.) Let A be a reduced ring and suppose that C\,C 2 be reduced rings having B(A) 
as subring. If 

/ : Ci ^ C 2 

is an ^4-isomorphism then it is a B(A)-isomorphism. 

2.) Let A be a reduced poring and C be any real closure * of A, one may then consider B(A) as 
an intermediate ring of A and C and C itself is also a real closure * of B(A). 

Proof. 1.) For brevity we write -B := -B(-A). First we show that f(E(B)) C E{B). We do know 
that f(E(B)) C J5(C 2 ), now let ei € £(5)\{0} and define e 2 := /(ei) 6 £(C 2 ). We know that ei 
is a rational element of A, i.e. there exists an a G A such that ae\ S y4\{0}. Thus 

aei = /(oei) = a/(ei) = ae 2 G -4\{0} 

meaning that e2 is also a rational element of j4, in other words e 2 G (see [15] Proposition 

2.5). Thus we have shown that f(E(B)) C E(B). 

If /|B were not the identity map then, because of [15] Proposition 2.5, there is an ei G E(B) 
such that /(ei) 7^ ei. Define e 2 := f{e{) G E(B), then either (1 — e 1 )e 2 ^ or (1 — e 2 )ei 7^ 0. 
Suppose the former case holds and define e^ := (1 — ei)e 2 G E(B). Then there exists an a G ^4\{0} 
such that aes,ae 2 G ^4\{0}. So we get f (0.363) — 0,363 ^ and yet 

f (0.3(^3) = /(a3(l - ei)e 2 ) = f(a 3 e 2 )f(l - e x ) = a 3 e 2 (l - e 2 ) = 

a contradiction. If the former case holds, then we get a contradiction in a similar manner. 



9 



J. Capco 



Real closed * reduced partially ordered Rings 



2.) This has been discussed throughout our study of regular rings, but we shall give a formal prove 
for all reduced rings here. The keyword is Storrer's Satz (see [6] Theorem 1). By Storrcr's Satz 
we have the following commutative diagram consisting of canonical maps (except for the lower 
horizontal map which is due to Storrcr's Satz). 

A C y C 



Q(A) C >Q(C) 

C being real closed * must contain all the idempotents of Q(C), thus it contains all the idempotents 
of Q(A) and has A as a subring. This implies (by [15] Proposition 2.5) that C has B(A) as a 
subring. That C is an integral and essential extension of B(A) is then clear. C being real closed 
*, means that C is a real closure * of B(A) as well. □ 

Theorem 13. Let A be a reduced poring, then there is a bijection between the following sets 

• A :— {C : C is a real closure * of A}/ ~ where C\ ~ C 2 iff C\ =a C 2 

• B := {C : C is a real closure * of B(A)}/l where C[ 1 C' 2 iff C[ = B[A ) C 2 

• T^b(A) '■= {P C B(A) : P D B(A) + and P is a maximal partial ordering of B(A)} 

• Va '■= {P C A : P D A + and P is a maximal partial ordering of A} 

Proof. In our proof, when we say isomorphism we mean it in the category of porings. 

"A >— » B" Any real closure * of A is also a real closure * of B(A) (see Lemma 12 (2)), this is also 
true vice versa, as B(A) itself is an essential and integral extension of A. If two such real closure * 
are ^-isomorphic, then they are by Lemma 12 (1) also i?(A)-isomorpliism. Any _B(A)-isomorphism 
is also trivially an A-isomorphism. Thus the bijection is just the canonical map 

[Cj rJ) 1 — ► (C/l) C is a real closure * of A 
"B Vb(A)" This is from Corollary 11 

"^s(A) >-» P(A)" Tms is from Theorem 1 (ii) □ 
Proposition 14. Let B be a commutative unitary ring with a subring A and let 

</> : Spec B — > Spec A 

be the canonical continuous map and define A := (/)(Speci?) with relative topology, then . . . 

i. For any a e A one has 4>{V B {a)) = Va{cl) n A and 4>(D B {a)) = D A (a) n A 

ii. For all a G A and p G Da{o) fl A one has _1 (p) c D B (a) 

iii. If i? is reduced and an essential extension of ^4 then induces an irreducible surjection 

4>' : SpecB ^> A 

with 4>'(p) := <f)(p) for all jj G SpecB. 

iv. If B is reduced and an essential extension of A, and define Y := MinSpec^4. Suppose now 
that Y C X and set Y := _1 (y) then <j> can be restricted to a map 

7-»Y 0(p) Vp G Y 

and this map is an irreducible surjection with relative topologies on the domain and range. 
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v. Let B, Y and F be as in (iv). Then for any a £ A we have the identity that 

^ B (tt)ny) = ^(a)ny 

Moreover Y is dense in Spec-B. 

Proof, i. Let p £ Spec B and such that a £ p then clearly <fi(p) = p n A has a in it and so 
4>(p) £ Va(cl) P\ X. The other containment is equally obvious. Analogously one proves the second 
equality. 

ii. Suppose a £ A and let p £ Spec B such that pC\A = p and that p £ Da(cl) then if a £ p we had 
get a contradiction since then a G p D A. 

iii. Observe that for any b £ £>\{0}, there is a c £ J3 such that be £ ^4\{0} and that Ds(b) D 
Dsibc). So if we try to prove by contradiction, we may assume that there is an a £ A\{0} such 
that 4>{Vb{o)) = X, in other words for a p £ Da(ci) H X there is a p £ Vs(a) such that p n A = p. 
But this cannot because in ii. we have shown that 

pecj ) - 1 (p)(lD B (a) 

a contradiction! 

iv. We prove (iv) by contradiction, and we may assume that there is an a £ A\{0} that defines 
Yi '■= Vb(o) n Y and such that </>(Fl) = Y. So we get (using i.) 

4>(V B (a)) = V A (a) niD 0(y x ) = Y 

Since Va{o)C\X is closed in X it should contain all the closure points of Y in X, thus ^>(ys(a)) = X 
but this contradicts (iii). 

v. Clearly (see also (i)) one has for any a £ A 

^B(a)ny) c Da{o.) n y 

The equality of the above is clear for a = so we need only deal for the case a £ A\{0}. Let thus 
a £ A\{0} and suppose p £ Da(o) H K. Since Vclwc know that there is a p £ Y such that 

0(p) =pnA = p 

and we easily see also that p £ Ds(o) (~l F. Thus p £ ^(Db(o) fl F) and so we may conclude in 
the end that 

^(D B (a)ny) c£»A(a)nF 
Suppose now that Y is not dense in Spec B, this just implies that there is a b £ B such that 

z? B (&)nf = 

Now since B is reduced and is essential over A and since B is reduced, there exists a b 1 £ B such 
that 6'6 £ A\{0}. Thus since Dsibb') C Ds(b) we may as well say that there is an a £ A\{0} 
such that 

D B (a)DY = 
But the previous results implies then that 

D A (a) nF = 

This implies that 

V A (a)nY = Y 

meaning that for any p £ MinSpec A we have a £ p or in other words (since A is also reduced) we 
get a = and this is contradiction. Thus we may conclude that Y is dense in Spec B. □ 
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Theorem 15. Let A be a reduced poring and B be an over-ring of A. Define 

n 

C := {^a i e l : Vn G N, ai, . . . , a„ G A, e lt . . . , e„ G -E(-B)} 
i=i 

Then (in the category of topological spaces) 

SperC = SpccC Xs pec A SperA 

Proof. The proof of this is done by several inductions. First we show the following claim (we shall 
end the proof of all claims in the Theorem by a black square, and proof of the Theorem itself is 
ended by a white square): 

Claim 1: If a G SperA and p G SpecC be such that supp^(a) = p l~l A then there exists an 
a G Sper C such that supp c .(a) = p and a n A = a. 
Proof of Claim 1. We consider several cases . . . 

Case 1.1: C = A[e] for some e G E(B) 

Thus in this case we may every now and then regard C as 

C = Aex A(l-e) 

where Ae and A(\ — e) are considered as commutative rings with e respectively 1 — e as their unity 
(with canonical multiplication and addition, as derived from the ring A). Consider now the set 

a = a[e] + p C C 

we claim that a is a prime cone in C. Clearly a is closed under multiplication and addition. And 
all the squares in C are in a. Thus it suffices if we prove that af) — a = p and a U —a = C. Clearly 
pCafl —a and a U —a C C so we need only show that a n —a C p and CcaU —a. Suppose 
c,d G A and consider 

c(l - e) + de e A[e] = C ^ Ae x A{\ - e) 
also let a, b, a', b' G a with x,y £ p such that 

ae + 6 + x = — a'e — b 1 — y 

i.e. ae + b + xGcin —a. We have two cases . . . 

Case 1.1.1: e£p 

Then b = —b' mod p which implies that 6 + o'epnv4 = supp^ (ct) . From this and because 6, 6' G a 
we get that 6, 6' G supp^a) c p. Thus we obtain that ae + b + x G p. 

Also, if now c G a we know that c + (d — c)e G o + p C a[e] + p. And if c G —a (we know that 
c G A = a U —a) we get c + (d — c)e G — (a[e] + p). 

Case 1.1.1: 1 — e E p 

We claim that ae + b G p. We write (a + a')e + (b + b 1 ) = —x — y G p. Let's set z = —(a; + y), we 
note that we can write z, uniquely, as 

z = z\e + z 2 (l - e) zi,z 2 gA 

Because of this unique representation of z (i.e. C = Ae x A(l — e)) we get z 2 = b + b' and 
z\ = (a + a' + 6 + 6'). Now because z and (1 — e) are in p we conclude that z± G p. But since Z\ G A, 
we get z\ e pflA = supp j4 (a). Now we know that a, a', 6, 6' are in a and a + a' + 6 + 6' G supp^(a) 
which implies that a, a', 6, 6' G supp^ce) C p. This shows specifically that ae + b G p. 
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Now, considering c(l — e) + de. If d G a then 

de + c(l — e) G a[e] + p = a 
Else if d ^ a, because 4 = aU —a we know that d G —a. So 

de + c(l - e) G -a[e] + p = -(a[e] + p) = a 

Case 1.2: There is an n G N such that C = A[ei, ...,e„] for some ei, . . . , e„ G E{B). 
We can prove this by induction. We have proven the case for n = 1, so we may as well assume 
that n > 1 and set D = A[ei, . . . ,e n -i] and assume that in case C = D the Claim holds. In 
case C = A[a, . . . ,e„], we have C = D[e n }. Assume that p G SpecC and a G Sper A such that 
p n A = supp j4 (a). Write p' = p n D, then we know that p' (~l A = supp j4 (a) as well. And so 
by our induction hypothesis there is an a' G SperD such that supp £) (a') = p' = p fl D and that 
a'ni = a. Now using Case 1, we know that a defined by 

a := a' [en] + p 

is in SperC and that supp c (a) = p and also a fl D = a'. But this only implies that a Pi A = a. 
Thus we have proven the claim for this case. 

Case 1.3: C = A[e\e G E{B)\ 

This is the case that needs to be proven in general, but we shall make use of the other cases in 
order to prove this. Define 

V := {A[e u . . . , e„] : n G N, e 1} . . . , e n G E{B)} 

then we know that T> can be considered as a directed set with 

sup(A[ei, . . . , e n ],A[fi,. . . , f m ]) = A[ei, ...,e n ,fi,...,f m ] e±, . . . , e n , /i, . . . , f m G E{B) 

Moreover we also know that lim D = C. By [8] Proposition 2.4, we also know that (in the 

Deb 

category of topological spaces) 

SperC = Sper lim D = lim SpcrL> (1) 
dgt> DeT> 

Let now p G SpecC and a G Sper A such that p n A — supp(a). For each D G V we have 
a canonical injection D ^ C. So, for each such D G T> let us consider p£> G SpecD defined by 
p£> := p n D. By Case 1.2 we know that for each D G T> there is an an G SpcrD such that 
supp£,(a£>) = Pd and otr> H A = a. We shall in particular make use of the an as constructed in 
the proof of Case 1.2. More concretely, if D = A[ei, . . . , e n ] then old is defined by 

old = a[ei, . . . ,e n ]+p D 

First we show that if Di, D2 G V with D\ C D2 then ckdj^ n D2 = &d 2 - We may write 

Di = A[e±, . . . ,e n ],D 2 = A[e 2 , ■■■,e m ] for some m > n, e±, . . . ,e m G E(B) 

Obviously o>d 2 H Di D ac x and 

supp^^a^ nDi) = Pd 2 fl-Di = Pd = supp^^acj 

and by the 6asic property of the real spectrum these all imply that an 2 H f 1 = odj (because 
the real spectrum has the property that if a prime cone is in the closure of a prime cone, i.e. it 
specializes the other prime cone, then their image under supp is unequal). 
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Now by Equation 1 one can consider Sper C as a subspace of JIdg-d Sper D. And using the 
above analysis one can easily see that 

{a D } De v G SperC 

We thus define a := {oid}d(£V and we easily see that a P\ A = a. Now we also note the fact that, 
in the category of topological spaces we have (see for instance [11] Corollaire 8.2.10) 

SpecC = Spec lim D = lim Spec!) (2) 

DGT> D£T> 

we then easily see that 

{Pd}dev G SpecC 

and that one actually has p = {Pd}d£V and therefore supp c (<5) = p. 

Note also that by the construction of projective limits in topological spaces and direct limits 
the category of porings, it is easy to see that a is no other than 

a := a[e : e G E(B)] + p 



The above Claim just showed that there is a continous surjection (continuity, due to the universal 
property of fiber product in the category of topological space) 

4> : SperC — » SpecC Xg pcc A Sper A 

Claim 2: <fi is injective. 

Proof of Claim 2. Let a G Sper A, p G SpecC and a,$ G SperC such that 
supp(a) = supp(/3) = p and af)A~(3nA = a 

then 

a,f3 D a[e : e € E(B)] +p 

and that by Claim 1 we also know that a[e : e G E{B)\ + p is a prime cone of C with image under 
suppp being p. But by the basic property of real spectra this proves us that 

a = ft = a [e : e G E(B)] +p 

and so (f> is indeed injective. 



Claim 3: <$ is open and thus a homcomorphism. 

Proof of Claim 3. It suffices to prove that for any n G N and b\, ■ ■ ■ , b n G C, one has that 
<p{Pc{bi, . . . ,6„)) is open (i.e. the image of any basic open set is open). Again we work with 
different cases . . . 

Case 3.1: C = A[e] for some e G E{B) 
Define 

X := </>(SperC) = SpecC x Sp ocASperA 
then we claim that for any n G N and 6i , . . . , b n G C one has 

<f>(Pc(bi, b n )) = Ifl (D c (e) x P A (bi,i, b l>n ) U D c (l - e) x P A (6 2 ,i, . . . , b 2>n )) 
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where bi = b\^e + &2,i(l — e) (as explained in Case 1.1, this is the unique representation of 
b.eC^Aex A(l -e)). 

"c" Let a E Pc(bx, ■ ■ ■ ,b n ) withp E Spec C, a E SpcrA such that <fi(a) = (p,a)- Consider the 
case where e p. If for an i E {1, . ..,n} one has &x,i G -a, then &i^e E —a (because e E a for 
any e E E(C) and a E SpcrC). But we know bi E a\supp c .(a) with 1 — e E supp c (a), so 

fei,,e E a bx^e E supp c (a) = p => 6 l = &i,,e + 62,1(1 - e) G supp c (a) 

And this is a contradiction! Thus for e E" p one has that bx,i E a\supp j4 (a) for all i E {1, . . . ,n} 
(since 4 = aU ~ce), or in other words for e ^ p we get 

(p, a) E L> c (e) x P A {h,i, h, n ) 

Similarly one proves that for the case that e E p one gets 

(p, a) E D c (l - e) x P A {b 2 ,i, b 2 ,„) 

"D" Let 

(p, a) E X n (£> c (e) x Pa(&i,i, . . . , fci,„)) 

we know by Claim 2 and Claim 1 that there exists a unique a E SperC such that 4>(a) = (p, a). 
Since e ^ p one has that 1 — e E p so for all z E {1, . . . , n} one gets 

bi = h a e + 6 2 ,i(l - e) E a 

because p = supp c .(a) and because b\^ E a C a and so fci^e E a. 
Now if 6i E supp c (a) = p we have 

6i,ie E p => bi,i E p => 6i,i E p n A = supp A (a) 

but this is a contradiction since we know from begining that a E Pa(6i,i, . . . , &i,n) which implies 
that 61,, E a\supp j4 (a). Thus in general we have that for any i E {1, . . . , n} 

&i E a\supp c (a) 

And so we can conclude that a £ Pc(bi, ■ ■ ■ , b n ). 
Similary one proves for the case 

(p, a) E X n (£> c (l - e) x P A (6 2 ,i, . . . , b 2 , n )) 

one gets a E Pc{bi, ■ ■ ■ , 6„), where a is the unique clement in SpcrC such that cf>(a) — (p, a). 



Thus for this Case we have proven that </> is open (and thus a homeomorphism). 



Case 3.2: There is an m E N such that C = A[e\, . . . , e m ] for some ei, . . . , e m E E(B). 

We prove this by induction over m. We know that this is true for the case m = 1 (Case 3.1), 
thus we assume m > 2. For simplicity, define C m _i := A[e\, . . . , e m _i]. By Case 3.1 and induction 
hypothesis we know that the commutative diagrams 



and 



Spcr C„ 



^SpccC m _i 



Spcr Cn 



Sper A >- Spec A 

Sper C y Spec C 



^SpccC m _i 
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are pullbacks in the category of topological spaces. It is a known fact in category theory that 
"pasting" the two commutative rectangle will give us the following commutative diagram 

Sper C > Spec C 



SpcrC m _i 



-> SpecC m _i 



Sper A ■ 



■ Spec A 



whose outer rectangle is also a pullback in the category of topological spaces (see for instance 
Proposition 11.10). And this proves that <fi is also a homeomorphism for this case. 



Case 3.3: C = A[e\e £ E(B)} 

This is the general case and the openness of <j> is easily seen by the general definition of limit 
topology and noting Equations (1) and (2) in Case 1.3. 

■ 

With this we have also proven the Theorem. □ 

Acknowledgement. I would like to thank Oliver Delzeith for his most valuable insights and 
mathematical discussions with me. In times of need and confusion I have constantly relied on 
him. 
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